We consider the one-dimensional spin chain for arbitrary spin s on a periodic chain with N sites, the generalization of the chain that was studied by Blume and Capel [1]:
dynamical, and they only considered the model for spin 1. The corresponding Hamiltonian was ab initio diagonal.
We will study the model for arbitrary large spin s. The Hamiltonian is still diagonal. The exchange interaction is minimized if neighbouring spins are maximal, S z = ±s, and anti-aligned for positive coupling, but aligned for negative coupling. The easy-plane/easy axis term, on the other hand, is minimized if the spins are maximal, for negative coupling but minimal (zero if possible) for positive coupling. Thus there can be a competition between the two terms and a variety of phases when one term or the other is dominant. We are somewhat surprised to find second order phase transitions between the various phases described by the Hamiltonian. Indeed, the two competing terms commute, and thus, in principle we expect only first order phase transitions. However, here we find clearly that the critical points correspond to the appearance of negative eigenvalues of the energy functional, which is just a quadratic form, and the crossing of the ground state energy eigenvalue from positive to negative signals a second order phase transition.
For antiferromagnetic coupling, with odd N , there must be a defect in the Néel state on a periodic chain. The defect is localized between two adjacent spins for easy-axis coupling, a < 0. However, for easy-plane coupling, a > 0, we find that the defect spreads out to maximal size as the anti-ferromagnetic coupling is weakened. The defect is a soliton in the Néel state, and corresponds to a finite energy excitation. We calculate the size of the soliton and find that it is independent of the number of sites N but depends on the ratio a/b. Hence the size is a characteristic that is not an artefact of the odd number of sites, the same solitons could be excited in the periodic chain with an even number of spins or the finite or infinite, open chain.
Haldane [3] considered the Heisenberg model with an anisotropy which corresponds exactly to the Blume-Capel model, with Hamiltonian
(with periodic boundary conditions, S N +1 = S 1 ), for large spin | S| = s ≫ 1 but for small anisotropy 0 < (λ−µ) 1/2 ≪ 1, λ > µ. However the complete phase diagram of the model, for all values of the couplings is still of much interest. We define a = |J|µ and b = |J|λ, and consider the model for |J| = 0 but a and b finite. This is in the extreme opposite limit to Haldane's considerations, however, it is still of import to Haldane's considerations. The anisotropy, however small in Haldane's work, picks the anti-ferromagnetic Néel ordered ground state that is aligned in the z direction. For different parts of the parameter space in the anisotropy, it is possible and indeed true that a different ground state is indicated.
(with uncorrelated ± signs) will be the minimal energy configuration. Since the first term in the energy does not care whether the spin is ±1/2 and since b < 0, the energy is minimized at the "little" ferromagnetic states
with energy E 0 = (1/4)N 2 (a − |b|).
For all other cases, |b| > a, (including a negative), the factor C(α) becomes negative for certain directions, and in particular forα
(1, . . . , 1) the upper bound Eqn. (6) , for the sum k α k α k+1 is saturated. These are the only two states for which the bound is saturated, and here C(α) = a + b = a − |b|. C(α) is negative and minimal for this direction. The extreme corners ±(s, . . . , s) of the hypercube [−s, s] N are attained along this direction. Hence r is maximal, and correspondingly, the energy is minimal at the two corners. Thus the two corresponding ferromagnetic states, which we will write as | ↑, . . . , ↑ and | ↓, . . . , ↓ , are the ground states in the regime |b| > a (and we will use the notation ↑ and ↓ when the corresponding spin is maximally up, s, or maximally down, −s, respectively).
For a = |b| the states ±|m, . . . , m are degenerate for any m ∈ [−s, s] thus the ground state is 2s + 1 fold degenerate with E 0 = 0, and the system passes through a highly degenerate critical point. In the large s limit this is veritably a massless continuum.
The case of N even and N odd are substantially different, thus we will treat them separately. For N even the Néel state closes periodically as the lattice is bi-partite, but for N odd, the Néel state does not close without frustration, one has a defect in the ground state. For N odd we will see that the ground state is highly degenerate.
For 0 < b < a continuing with the notation of Eqn. (4), we find C(α) > 0 for all directionsα. Hence the minimum of the energy occurs at r = 0, i.e. for the state |0, . . . , 0 . Therefore, for integer spin, the ground state is nondegenerate and given by |0, . . . , 0 with ground state energy E 0 = 0. Now for half odd integer spins, this state is not permitted, and one of the closest nearby states, at the vertices of the hypercube of centred on the origin of side length 1, | ± 1/2, . . . , ±1/2 (the ± signs are not correlated) becomes the ground state. For the case under consideration, N even, it is easy to verify the minimum energy states correspond to the two "little" Néel states
Notice for this state, on the periodic lattice since N is even, the Néel pattern closes without frustration. Thus for half odd integer spin, the ground state is doubly degenerate and given by the two "little" Néel states, with ground state
For all other values, a < b the factor C(α) is negative in some directions, and in particular it is maximally negative for the statesα = ± We furthermore note that defining the staggered spin operatorsS j ≡ (−1) j S j we find a mapping between the ferromagnetic and the anti-ferromagnetic cases 
, . . . ,
, . . . , for a < 0. However, we will find that these states are not always the ground states. We will show that for a > 0, as the ratio a/b changes, the direction which minimizes C(α) does not correspond to one of the corners of the hypercube and the minimum of the energy is attained for a value of r that is not maximal. As a is increased from a = 0, the ground state rα changes discretely to r ′α′ with r ′ < r. The final transition occurs for a b when the minimum value of C(α) becomes positive and the ground state becomes |0, . . . , 0 for integer spins and the corresponding little Néel
The energy of a general state |s 1 , . . . , s N is of course given by
The critical points are obtained by solving the linear system of equations
which has the evident solution s i = 0 for all generic points where A is invertible. Then the corresponding state |0, . . . , 0 will be the ground state if the energy is at a minimum at this point. The matrix A, which is the Hessian matrix of second derivatives of the energy with respect to s i and s j , is a circulant matrix, [19] , with first row (2a, b, 0, . . . , 0, b).
Subsequent rows correspond to the previous row permuted circularly by one, so for example, the second row is
, and so on. The eigenvalues and eigenvectors of circulant matrices are well known, the eigenvalues
where ω k is the kth, N th root of unity, ω k = e energy is trivially obtained to be at |0, . . . , 0 , which is then, of course, the ground state for integer spin. For half odd integer spin, the ground state must be chosen from the corners of the (smallest) hypercube of side length 1 centered on the origin, with vertices (±1/2, ±1/2, · · · ± 1/2), with uncorrelated ± signs. It is easy to see that then the little Néel states, with one defect, chosen for example between the first and last sites, |1/2, −1/2, . . . , 1/2, −1/2, 1/2 and | − 1/2, 1/2, . . . , −1/2, 1/2, −1/2 , correspond to the ground states. Each one is then in fact N fold degenerate, since the position of the defect can be placed at any of the N different sites.
For the region 0 < a b < cos π N , the Hessian is indefinite, and the critical point at s i = 0 is a saddle point. Thus the minimum energy is not attained at the critical point. Then Fermat's theorem for the extrema of a differentiable function defined on a compact set implies that, since the minimum does not occur and an internal point, it must occur on the boundary of the hypercube and we must look for the minimum on its surface. Without loss of generality, we go to the boundary by taking s N = s. Taking s N = −s is clearly also possible, but corresponds simply to the solution that we will find if we flip all the spins, s i → −s i . The energy, taking the face s N = s, is then
Varying with respect to s i to find the critical points gives the set of equations 
These can be easily solved, however it is not particularly useful, since the corresponding Hessian is not positive definite.
The Hessian is an N − 1 × N − 1 matrix, which we will call B N −1 , which is a tridiagonal Toeplitz matrix with the three non-zero diagonals given by
Again it is well understood how to find the eigenvalues and eigenvectors of a Toeplitz matrix, [20] . Taking s N = s, s N −1 = −s we get the energy
with the corresponding critical point given by the, now inhomogeneous equations, analogous to Eqn. (13) ,
where B N −2 , which is as defined in Eqn. (14) 
where
where in the first equality we have used a standard trigonometric identity, then we have used the fact that the expression is symmetric for k → N − 1 − k, hence we can restrict k ∈ 1, 2, . . . ,
on which domain the sine function is monotone increasing. Thus at the first inequality we replace the argument in the numerator with the largest possible value and the argument in the denominator with its smallest value and the second inequality is obvious. Therefore we have |s k | < s.
For the case s N = s = s N −1 (or with s N −1 = −s for N even), a similar calculation gives
Now the sum in the numerator, instead of the difference that we had before, forces |s k | > s, which is not permitted, therefore this solution is unacceptable. However it is easy to determine the lowest energy configuration subject to the boundary condition s N = s = s N −1 . This boundary condition makes the chain completely equivalent to an open chain obtained by cutting the periodic chain between the N th and N − 1th sites, and imposing the boundary condition that the spins at the ends are equal to s. The contribution to the energy of these end spins is just a constant hence the minimum energy configuration of this chain will not be affected. We can easily prove using mathematical induction that, for an open chain of length N , even or odd, the Néel states are the states of minimum energy for the parameter range that we are in, repetition of the previous analysis to see that we get the same solution s k as in Eqn. (17), but now since N is even, the first and last spins both point in the same direction. We summarize our finding in Table (I) . Thus the case where the second spin is adjacent to the first one is completely understood. If the two spins are up, for a chain with an odd number of sites, the rest of the chain is in the appropriate Néel state, while if the chain has an even number of sites, the rest of the chain is in the soliton configuration given by of Eqn. (17) . If the two spins are opposite then for an odd number of sites we find the soliton state of Eqn. (17) and for an even number of sites we have the appropriate Néel state.
Next we will consider, and eliminate, the case where the second spin is not adjacent to the first fixed spin. We first found that we must go to the boundary, the face corresponding to taking s N = s, but then we found we must go to the boundary of this face. We will now do so by taking s j = s with specifically j = N − 1 or 1, so that the second fixed spin is not adjacent to the first. Thus we fix j to be an integer in the interval [2, N − 2] and put s ′ N = s and s ′ N −j = −s (the case s ′ N −j = +s will follow). This will give rise to a (N − 2) × (N − 2) system of equations, the solution of which will be the appropriate critical point if it corresponds to a minimum. Thus we will first consider the Hessian at this point, which is a matrix that is block diagonal
the eigenvalues are given by λ k = 2 a+b cos
It is a straightforward exercise to verify that these are positive definite as we are in the region cos
Thus the critical point is the minimum and designates the putative ground state, which we identify through the following analysis. The spin s ′ N −j = −s divides the sequence |s
one of which must be even. Without loss of generality, we take | − s, s ′ N −j+1 , . . . , s sequence to be even. Then.
consulting Table ( I), the energy is minimized on this segment by the Néel state, | − s, +s, . . . , −s, +s , and the minimum energy sequence on the remaining odd length segment is given by the solution s
where t = (s, 0, . . . , 0, −s) T with solution as before given by
But this state, |s ′ 1 , . . . , s ′ N −j−1 , −s, +s, . . . , −s, +s cannot be the lowest energy state. Since s ′ N −1 = −s, and we have already found the state that minimizes the energy when s N = s = −s N −1 , the true minimum energy state |s is given by Eqn. (17) . Thus the case where the second fixed spin s N −j = −s, j ∈ [2, N − 2] is not adjacent to s N = s gives a higher, minimum energy state than that obtained when the second spin is adjacent, j = 1. Therefore the second spin must be adjacent to the first.
The case s N −j = +s, j ∈ [2, N − 2] is eliminated by an essentially identical analysis. We can now take the segment 
